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Fundamentals of Boolean Algebra

Basic Postulates

Postulate 1 (Definition) A Boolean algebra is a closed algebraic system
containing a seKof two or more elements and the two operatdfand +.

Posulate 2 (Existence of 1 and 0 element)
(a)a + 0 = didentity for +), (b)a {1 =a (identity for))
Postulate :{(Commutativity})
(@)a+b=Db+a (b)afb=bfa
Postulate £(Associativity)
(@a+b+9g=@+h+c (b) af (bTic) = @fib) Tc
Postulate £(Distributivity):
(@a+bfco=a+hTa+g (b)af(b+g=afb+4c
Postulate ¢(Existence of complement)

@a+ &w=1 (b)
Normally{ is omitted. AA=0



Fundamenta of Boolean Algebra

A Fundamental Theorems of Boolean Algebra

A Theorem 1 (Idempotency)

(aA)a+a=a (b)aa =a
A Theorem 2 (Null element)
(@a+1=1 (b)a0 =0
A Theorem 3 (Involution)
K=A

A Properties of 0 and 1 elemen{3able 2.1):

OR AND Complemen
a+0=0 a0=0 0'=1
at+1=1 al =a 1'=0




Fundamentals of Boolean Algebra (3)

A Theorem 4 (Absorption)
(a)a+ab=a (b)a(a+ b =a

A Examples
I X+Y+K+YZ=X+Y
i AB(AB + BO = AB
A Theorem 5
(@a+db=a+b (b)a(a' +b) =ab

A Examples
i B+ABD=B+ACD
T X+YNX+Y+)=K+)Z



Fundamentals of Boolean Algebra (4)

A Theorem 6
(a)ab + ab=a (b) @+ Db(@+b)=a

A Examples

I ABC + AB = AC
T W+X+Y+2Z2) (W +X+Y + )W + X + Y+ Z)(W
+ X +Y+2
=W +X +Y) W +X +Y+2)(W +X +Y+ 2
=(W+X +Y)(W +X +Y)
=W +X)



Fundamentals of Boolean Algebra (5)

A Theorem 7

(a)ab + albic=ab + ac (b) @+tb)(@a+b
tc)=a+Ph@+g

A Examples
I Wy + WXy + wxyz + WXz wy + WXy + WXy + WXz
=Wy +Wy +wxz
=W + WXZ
=W

I Xy + 2w +Xy +2) = Ky + (W +Xy)



Fundamentals of Boolean Algebra (6

A Theorem 8 (DeMorgan$heorem)

(@) @ + ' =ab (b) @) =a' +b'
A Generalized DeMorgan's Theorem
@F b 9=abXX'1T M @EbX YEa+bBb X 1
A Examples
I (@a+Dbg =@ +(bq)
=a'(bo)’
=a(b' + ¢)
=a'b' + dc

Note: @ + b¢', a'b' +c



Logic Gates

A Electrical Signals and Logic Values

Electric Signal Logic Value
Positive Logic Negative Logic
High Voltage (H) 1 0
Low Voltage (L) 0 1

I A signal that is set to logic 1 Is said to be
asserted active ortrue.

I An active-high signal is asserted when it is
high (positive logic).

i An activelow signal is asserted when it is
low (negative logic).



AND

I Logic notation AB = C A
(Sometimes AB = C) &
B




OR

Logic notation A+ B =C

R || O|O| >

R O |k, | O |0

Rl |O|0
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Inversion (NOT)

{>°—Q

Logic: Q=A




Exclusive OR (XOR)

) >—
S
B

Either A or B, but not both

This Is sometimes called ti@equality
detector, because the result will be 0
when the inputs are the same and 1
when they are different.

The truth table is thesame__as for
S on Binary Addition. S =AAB

R | O|F, | O|X>

R, OO |

ORIk O W
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UNIVERSAL GATES



NAND (NOT AND)

g |

Q=ACB

R, O |O|>
R | O, |O|W

O |||k O




Basic Functional Components

A AND, OR, and NOT gates constructed
exclusively from NAND gates

g_ >>A|3EZD_F(A, B)=AB= AB A \o—FA A)=AA= A

AND gate NOT gate
A | oA ) - o
‘LQDJA’ B)=A+B=A+B

— - —
B I_ )ID—— Fnano(A, A) = A O\=A =Fnor (A)

B — = .

Fnano(A, B) =AB =A@ =Fano(A, B)
OR gate

Fnano(A ;B) =A® =A+B=For (A B)

Hence, NAND gate may be used to implement all three elementary operators.



NOR (NOT OR)

Q=A+B



Basic Functional Components

A AND, OR, and NOT gates constructed exclusively from NOR gates.

O n as
5 _[ F(A,B) =A+ BA :DO_F(A‘A):A+A:A

OR gate NOT gate

T
—E]‘DJA, B) =AB= AB
[

Frnor(A, A) = A+ A=A =Fnot (A)

B~ —
B —_—
AND gate Fnor(A, B)=A+B=A+B=For (A, B)
Fnor(ATB) =A+B =A B =Fano(A, B)

Hence, NOR gate may be used to implement all three elementary operators.



Summary

Summary for all 2-input gates

Inputs Output of each gate
A B AND NAND OR NOR XOR XNOR
0 0 0 1 0 1 0 1
0 1 0 1 1 0 1 0
1 0 0 1 1 0 1 0
1 1 1 0 1 0 0 1




MINIMIZATON OF LOGIC EXESION

A Goal-- minimize the cost of realizing a switching function

A Cost measures and other considerations
I Number of gates

I Number of levels

Gate fan in and/or fan out

Interconnection complexity

Preventing hazards

A Twolevel realizations
I Minimize the number of gates (terms in switching function)
I Minimize the fan in (literals in switching function)

A Commonly used techniques

I Boolean algebra postulates and theorems
I Karnaugh maps



Simplification Using Boolean Algebra

A A simplified Boolean expression uses the
fewest gates possible to implement a
given expression.

A ————r

AB+A(B+CG¥B(B+C)




Simplification Using Boolean Algebra

A AB+A(B+C)+B(B+C)

I (distributive law)
AAB+AB+AC+BB+BC

i (BB=B)
AAB+AB+A@GHBC

i (AB+AB=AB)
AAB+AC+B+BC

i (B+BC=B)
AAB+ACH

i (AB+B=B)
AB+AC

A

A —

C_

B+A(



Simplification Using Boolean Algebra
A Try these:
[ AB(C+BD)+AB]C

ABC+ABC+ABC+ABC+
ABC AB+ AC+ABC




Standard Forms of Boolean Expressions

A All Boolean expressions, regardless of
their form, can be converted into either of
two standard forms:

I The sumof-products (SOP) form
I The productof-sums (POS) form

A Standardization makes the evaluation,
simplification, and implementation of Boolean
expressions much more systematic and easier



The Sumof-Products (SOP) Form

A An SOP expression
A whentwo or more
product terms are
summed by Boolean
addition.

I Examples:
AB+ ABC
ABC+ CDE+B CD
A B+ABC+AC
I Also:
A+ABC+BCD

A In an SOP form: a

single-overbar: cannot
extendcovermore than
one variable;however,

more it one\Mable
In at n havean
overb

A exa

_BE_ IS C.

A




Converting Product Terms to Standard SO

A Step 1:Multiply each nonstandard product term by
aterm made up of the sum of a missing variable and
Its complement. Tis results in two product terms.

I As you know, you can multiply anything by 1
without changing its value.

A Step 2:Repeat step 1 until all resulting product term
contains all variables in the domain in either
complemented or uncomplemented form. In
converting a product term to standard form, the
number of product terms Is doubled for each missing

variable.




Converting Product Terms to Standard
SOP (example)

A Convert the following Boolean expression
Into standard SOP form:

ABC+ AB+ ABC D

_____________________________

_____________________________

_________________________________________________________________

_______________________________________________________________

____________________________________________________________




The Producbf-Sums (POS) Form

A When two or more A lInalPOSform; arsing
sum terms are overbar cannotextenc
multiplied, the result over-moreithan.one
expression is a product  variable; however, mec
of-sums (PQOS):. th nevariabla a

I Examples:
(A+B)(A+B+C)
(A+B+C)(C+D+E)(B+C+D)
(A+B)(A+B+C)(A+C)

|

A BUT N'+B+C

Als: T _
A(A+B+C)(B+C+D)



Converting a Sum Term to Standard POS

A Step 1:Add to each nonstandardrpduct
term a term made up of the product of
the missing variable and its complement.
This results In two sum terms.
I As you know, you can add O to anything
without changing its value.

A Step 2:Apply ruleA, A+BC=(A+B)(A+C).

A Step 3:Repeat step 1 urtiall resulting
sum terms contain all variable in the
domain Iin either complemented or
uncomplemented form.



Converting a Sum Term to Standard
POS (example)

A Convert the following Boolean expression
Into standard POS form:

(A+B+C)(B+C+D)(A+B+C+D)

——————————————————————————————————————————————————————————

___________________________________________________________

______________________________

______________________________

_____________________________

--------------------------------------------------------------------------

_____________________________

_________________________________________________________________________________________



Boolean Expressions & Truth Tables

A All standard Boolean expressi@an be easily
converted Into truth table format using
binary values for each term in the expression.

A Also, standard SOP or POSpression can
be determined from the truth table.




Converting SOP Expressions to Truth
Table Format

A Recall the fact:

I An SOP expression is equal to 1 only If at least one of the
product term is equal to 1.

A Castructing a truth table:
I Step 1:List all possible combinations of binary values
of the variables in the expression.
I Step 2:Convert the SOP expression to standard form if it
IS not already.

I Step 3:Place a 1 in the output column (X) for each
binary value that makes thetandard SOBxpression a 1
and place O for all the remaining binary values.




Converting SOP Expressions to Truth
Table Format (example)

A Develop a truth table
for the standard SOP
expression

ABC+ ABC+ ABC




Converting POS Expressions tothr
Table Format

A Recall the fact:

I A POS expression is equal to O only if at least one of
the product term is equal to O.

A Constructing a truth table:
I Step 1:List all possible combinations of binary values
of the variables in the expression.
I Step 2:Convert the POS expression to standard form if it
IS not already.

I Step 3:Place a 0 in the output column (X) for each
binary value that makes thgtandard PO8xpression a 0

and place 1 for all the remaining binary values.




Converting BS Expressions to Truth
Table Format (example)

A Develop a truth table
for the standard SOP
expression

(A+B+C)(A+B+C)(A+B+
C)(A+B+C)(A+B+C)




Determining Standard Expression from
a Truth Thle

ATo determine the standard SOP
expressionrepresented by a truth table.

A Instructions:

I Step 1:List the binary values of the input variables
for which the output is 1.

I Step 2: Convert each binary value to the
correspondingproduct term by refacing:
A each 1 with the corresponding variable, and
A each 0 with the corresponding variable complement.

A Example: 1018, AB CD



Determining Standard Expression from
a Truth Table

ATo determine the standard POS
expressionrepresented by a truth table.

A Instructions:

I Step 1:List the binary values of the input variables
for which the output is O.

I Step 2: Convert each binary value to the
correspondingproduct term by replacing:
A each 1 with the corresponding variable complement, and
A each 0 with the corresponding variable.

A Example: 100, A+B+C+D



The Karnaugh Map

A Feel a little dificult using Boolean algebra
laws, rules, and theorems to simplify logic?

A A Kmap provides a systematic method for
simplifying Boolean expressions and, if
properly used, will produce the simplest
SOP or POS expression possible, known as
the minimum expreasion




What i1s KMap

A It s si ilar to truth ta le; i stead of ei g orga ized

(I/p and o/p) into columns and rows, therdap is
an array of cells in which each cell represents a
binary value of the input variables.

A The cells are arrayed in a way so that
simplification of a given expression is simply a
matter of properly grouping the cells.

A K-maps can be used for expressions with 2, 3, 4,
and 5 variables.



The 3 VariableKlap

A There are 8 cells as shown:




The 4Variable KMap

I .

AB ABCDAB
ABCD | ABCD | ABCD | ABCD
ABCD | ABCD | ABCD | ABCD
ABCD | ABCD | ABCD | ABCD




K-Map SOP Minimization

A The KMap is used for simplifying Boolean
expressions to their minimal form.

A A minimized SOxpression contains the
fewest possible terms with fewest
possible variables per term.

A Generally, a minimum SOP expression can
be implemented with fewer logic gates than
a standard expression.



Karnaugh Maps tKaps)

A If mj is a minterm off, then place a 1 in cell
of the kmap.

A If Mj is a maxterm of, then place a 0 in call

Alf djis a do t are of, then place a or xin
celll.



Examples

A Two variable Knap
f(A,B)Am(0,1,3)=A"B +A B+AB




Grouping the 1s (rules)

A group must contain either 1,2,4,8,0r 16
cells(depending on number of variables in the
expression)

Each cell in a group must be adjacent to one
more cells in that same group, but all cells in the
group do not have to be adjacent to each other.

Always include the largest possible number of 1s
In a group In accordance with rule 1.

Each 1 on the map must be included in at least
onegroup. Thels already in a group can be
iIncluded in another group as long as the
overlapping groups include noncommon 1s.



Determining the Minimum SOP EXxpressior

from the Map

2. Determine the minimum product term for
eachgroup.

A For a 3variable map:

1.
2.
3.
4.

A 1-cell group yields a-8ariable product term
A 2cell group yields a-2ariable product term
A 4-cell group yields a-fariable product term
An 8cell group yields a value of 1 for the expression.

A For a 4variable map:

1.

a bW

A 1-cell group yields a-¢ariable product term

A 2cell group yields a-8ariable product term

A 4cell group yields a-2ariable product term

An 8cell group yields a a\ariable product term

A 16cell group yields a value of 1 for the expression.



Determining the Maimum SOP Expression
from the Map (example)

'II B+AC+ACD




A

f= @4)=BC

BC
00 01 11 10

omo ol 0

1] 1ofo0] o

ThreeVariable KMaps

A

f= @5)=AB

BC
00 01 11 10

0| 0j{0]O0] O

1([1]1] o]0

A

f= (@145)7=B

BC
00 01 11 10

oﬁ_lwo 0
1{1]1] 0] o

A

f= @123=A

BC
00 01 11 10

of 1|21 1] 1]

1100 0] O

A

f= @4)=AC
BC

00 01 11 10
o [o[a]a] o

1/10/010| 0

A

f= @6)=AC
BC

00 01 11 10
olojo|lo]| O

1] 1o o0

e

=

L

A

f= @2)=AC
BC

00 01 11 10
ol 1o o 2]

S -

110[{0,0| 0

A

f= (@24,6)=C
BC

00 01 11 10
0_—1} 0] 0 ﬁ
ARRE

| —




ThreeVariable KMap Examples
A We can write any way either AB and C or A E

BC BC BC

AN\ 00 0111 10 AN\ 00 01 11 10 AN 0001 1110
0 1 0| 1 1 1 0 1[1
11 11 1] 1 1 1| 1)1
BC BC BC

AN\ 00 0111 10 AN\ 00 01 11 10 AN\ 00 01 11 10
0 1 0 1] 1] 1 0

1|1 1]1 1 1] 1 1




Determining the Minimum SOP EXxpressiol
from the Map (eercises)

?nllinu

00 1

01_1 _1 1 1 01 _1 1 1
11_ : |_ ‘_ 11 _1 _1 I 1 I
10 1 I 1 I 1C _1 : 1 1

AB+ AC+ ABD D+ ABC+BC



